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Abstract
We examine the properties of Quantum nonthermal radiation of a Kerr-anti-de Sitter
(KAdS) black holes. Assuming that a crossing of the positive and negative Dirac energy
levels occurs in a region near the event horizon of the hole, and spontaneous quantum
nonthermal radiation takes place in the overlap region. We solve the biquadratic equation
governing the location of the event horizon of the KAdS black holes and present closed
analytic expression for the radii of the horizons.
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1 Introduction
The quantum thermal radiation by black holes is an important discovery of Hawking
[1, 2] that has been studied extensively in different types of spacetimes [3, 4, 5, 6, 7, 8, 9]
including that of nonstatic [10, 11, 12] and nonstationary [13, 14] black holes. As black
holes radiated quantum thermal radiation, there has a possibility to occurs also quan-
tum nonthermal radiation by some of the black holes spacetime and recently, quantum
nonthermal radiation has been investigated in the spacetimes of the nonstationary Kerr
[15] and Kerr-Newman [16] black holes. So that, the study of the nonthermal radiation
of black holes is interesting because it yields some new properties alongwith the results
of some well-known black holes. In this paper we investigate the nonthermal radiation of
a stationary KAdS black hole.
Anti-de Sitter (AdS) geometry has been considered as a challenging field for quantum
field theory in different frameworks, including supersymmetry and string theory. The
string /M-theory have also greatly stimulated the study of black hole solutions in AdS
space. One example is the AdS/CFT correspondence between a weakly coupled gravity
system in an AdS background and a strongly coupled conformal field theory (CFT) on
its boundary [17, 18, 19]. The familiar Schwarzschild solution in AdS space describes a
simple nonrotating AdS black hole that has a minimum critical temperature determined
by the curvature radius of the AdS background. This implies that there must be a
thermal phase transition between AdS space and SAdS space at a fixed temperature.
This means that such black holes can be in stable equilibrium with thermal radiation at a
certain temperature, while at temperatures higher than the critical value there is no stable
equilibrium configuration without a black hole [20]. It has been shown that small KAdS
black holes become unstable, while large KAdS black holes are always classically stable
with respect to scalar and gravitational perturbations, via the superradiant amplification
mechanism [21, 22, 23].
Hawking et al. [24] have studied the relationship between KAdS black holes in the bulk
and CFT living on a boundary Einstein universe. Probing the AdS/CFT correspondence
the boundary Einstein universe that occurs at certain critical limit rotates at the speed
of light. The authors also found that the generic thermodynamic features of the CFT
agree with those of the black holes in the bulk. The simplest description of the boundary
CFT in a rotating Einstein universe is imprinted by a KAdS black hole in the bulk and is
very complicated and subtle question. The boundary Einstein universe that rotates at the
speed of light due to the critical limit makes a significant simplification as it incorporates
generic features of both bulk and boundary theories. So our study of KAdS black holes
is necessary and meaningful.
The present paper is organization as follows. In section 2, we give a brief description of
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the different spacetime of KAdS black holes. In section 3, we discuss the electromagnetic
properties of KAdS black holes. In section 4, we investigate the quantum nonthermal
effect of the KAdS black hole by using the Hamilton-Jacobi equation and generalized it
using tortoise coordinates. Finally, in section 5, we present our conclusions.
2 Spacetimes of KAdS Black Holes
The exact solution of the Einstein field equations with a cosmological constant that de-
scribes rotating black hole in asymptotically Anti-de Sitter behavior was given by Carter
[25] of the form
ds2 =
1
Σ
[
∆r −∆θ a2 sin2θ
]
dt2 + 2
[
dt− a sin2θ dϕ
]
dr
− Σ
∆θ
dθ2 +
2a
Σ
[
∆θ(r
2 + a2)−∆r
]
sin2θ du dϕ
− 1
Σ
[
∆θ(r
2 + a2)2 −∆r a2 sin2θ
]
sin2θ dϕ2, (1)
where
∆r = (r
2 + a2)(1 +
r2
l2
)− 2Mr,
∆θ = 1− a
2
l2
cos2θ, Σ = r2 + a2 cos2θ, (2)
a is angular momentum and M is the mass of the black hole, l is the curvature radius
related to the cosmological constant Λ = −3l−2. The angular momentum parameter
must satisfy the relation a2 < l2, but when approach the critical value a2 = l2, the metric
becomes singular. In this limit the boundary of AdS spacetime is a three-dimensional
Einstein universe which rotates at the speed of light.
For the inverse metric gµν of Eq. (1), we obtain
∂2
∂s2
= − 1
Σ∆θ
a2 sin2θ
∂2
∂t2
+
2
Σ
(r2 + a2)
∂2
∂t∂r
− 2a
Σ∆θ
∂2
∂t∂ϕ
−∆r
Σ
∂2
∂r2
+
2a
Σ
∂2
∂r∂ϕ
− ∆θ
Σ
∂2
∂θ2
− 1
Σ∆θ sin2θ
∂2
∂ϕ2
, (3)
g ≡ detgµν = −Σ2 sin2θ. (4)
We choose the component of the null tetrad vectors as [25]:
lµ =
{
1, 0, 0, −a sin2θ
}
,
nµ =
{
∆r
2Σ
, 1, 0, − 1
2Σ
∆r a sin
2θ
}
,
mµ =
σ√
2 ρ
{
ia sinθ, 0, − Σ
∆θ
, −i(r2 + a2) sinθ
}
,
m¯µ =
σ¯√
2 ρ¯
{
−ia sinθ, 0, − Σ
∆θ
, i(r2 + a2) sinθ
}
. (5)
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The corresponding covariant quantities are
lµ = {0, 1, 0, 0} ,
nµ =
{
1
Σ
(r2 + a2), −∆r
2Σ
, 0,
a
Σ
}
,
mµ =
1√
2 ρσ¯
{
ia sinθ, 0, ∆θ,
i
sinθ
}
,
m¯µ =
1√
2 ρ¯σ
{
−ia sinθ, 0, ∆θ, − i
sinθ
}
, (6)
where
ρ = r + ia cosθ, σ = 1− ia
l
cosθ, (7)
ρ¯ and σ¯ are complex conjugates of ρ and σ, respectively. The null tetrad (5), (6) satisfy
the null, orthogonal and metric conditions:
lµl
µ = 0, nµn
µ = 0, mµm
µ = 0,
lµm
µ = 0, nµm
µ = 0, lµn
µ = 1, mµm¯
µ = −1; (8)
gµν = lµnν + lνnµ −mµm¯ν −mνm¯µ,
gµν = lµnν + lνnµ −mµm¯ν −mνm¯µ. (9)
The surface gravity is
κ = nµ;νn
µlν , (10)
which becomes with the help of Eqs. (5) and (6)
κ =
1
2Σ
[
∂∆r
∂r
− 2r
Σ
∆r
]
. (11)
If f = f(t, r, θ, ϕ) is a scalar function, then we have
df
dn
= nµ∇µf = nµ∂µf, µ = 0, 1, 2, 3, (12)
which, for f = f(t, r), becomes
df
dn
=
[
n0∂µ + n
1∂r
]
f. (13)
Obviously,
dr
dn
= −∆r
2Σ
,
d2r
dn2
= −
[
n0∂µ + n
1∂r
] ∆r
2Σ
= − 1
2Σ2
(r2 + a2)
∂∆r
∂t
+
∆r
2Σ
κ. (14)
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In the stationary case, the first term in the last equality of the second of eq. (14) is equal
to zero and determines the event horizons
∆r = (r
2 + a2)(1 +
r2
l2
)− 2Mr = 0. (15)
Next, we describe the horizon of the KAdS black holes. The radii of the horizons are
determined by the real roots of the Eq. (15). The Eq. (15) can be rewritten as
r4 + (l2 + a2)r2 − 2l2Mr + l2a2 = 0. (16)
If r1, r2, r3, r4 are the roots of (16), then we have
r1 + r2 + r3 + r4 = 0,
r1r2 + r1r3 + r1r4 + r2r3 + r2r4 + r3r4 = a
2 + l2,
r1r2r3 + r1r2r4 + r2r3r4 + r1r3r4 = 2l
2M,
r1r2r3r4 = l
2a2. (17)
The Eq. (17) allow two real and a pair of complex conjugate roots. The largest of the real
roots r1 = r+ corresponds to the radius of the hole’s outer event horizon and the other
real root r2 = r− represents the radius of the inner Cauchy horizon. The real solution can
be written from Eq. (16) in a compact form using a real root u of its resolvent equation
of the form
u =
l2 + a2
3
+
l4/3(M
2
1e−M
2
2e)
2/3
(2N2 −M21e −M22e)1/3
+ l4/3(2N2 −M21e −M22e)1/3, (18)
where the two extreme mass parameters are given by
M1e =
l√
54
√
ζ + η3, M2e =
l√
54
√
ζ − η3, (19)
with
ζ =
(
1 +
a2
l2
)36a2
l2
−
(
1 +
a2
l2
)2 , η =

(1 + a2
l2
)2
+
12a2
l2


1/2
, (20)
and
N2 =M2 +
√
(M2 −M21e)(M2 −M22e). (21)
The mass parameter M1e has a definite physical meaning and for l →∞ we have M21e →
a2, but M22e → −∞. The extreme mass M1e given in Eq. (19) agrees with the value given
in Ref. [20]. It is clear that the black hole mass parameter M must satisfy M ≥ M1e,
that corresponds to an extreme black hole. The horizons are located at the radii
r+ =
l
2
(X + Y ), r+ =
l
2
(X − Y ), (22)
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where
X =
√
u− l2 − a2, Y =
√
u− l2 − a2 + 4Ml
2
X
. (23)
For a = 0, the inner horizon vanishes and the outer horizon reduces to Schwarzschild-
AdS black hole [26]. Expanding the expressions given in Eq. (22) in powers of 1/l with
M/l ≪ 1, we get
r+ = r˜+ −
(
r˜2+
2l2
)
2Mr˜+
r˜+ −M +O
(
1
l4
)
, (24)
r− = r˜− −
(
r˜2
−
2l2
)
2Mr˜−
r˜− −M +O
(
1
l4
)
, (25)
where
r˜± = M ±
√
M2 − a2. (26)
From Eqs. (24), (25) and (26) it is clear that the event horizon lies in the range r− <
r+ < r˜+ and with M = M1e, the outer and Cauchy horizons merge to form an extreme
black hole with radius
rch =
l√
6
(
η − 1− a
2
l2
)1/2
. (27)
In the critical limit of rotation i.e., a2 = l2, from Eqs. (22) and (27) we get the limiting
size for the extreme black hole horizon as
r˜ch =
3√
8
M =
l√
3
, (28)
but the angular velocity becomes infinity i.e., the boundary of Einstein universe rotating
at the speed of light.
3 Electromagnetic Properties of KAdS black holes
Here we now consider that the KAdS black holes described above may also posses a small
test electric charge. The obvious thing to do is to seek a electromagnetic potential A
such that the Hamilton-Jacobi theory or a physical point of view by the correspondence
principle ensuring not only geodesics but also closed particles orbits will be integrable.
Interms of an electromagnetic field potential
A = Aµdx
µ, (29)
the motion of a particle with charge e and mass m in stationary KAdS spacetime with
metric tensor gµν is given by the Hamilton-Jacobi equation [27]
gµν
(
∂S
∂xµ
− eAµ
)(
∂S
∂xν
− eAν
)
−m2 = 0, (30)
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where S(t, r, θ, ϕ) is the Hamilton principal function, and Aµ is the four-potential. In
order to introduce the necessary cross terms for KAdS black hole case, we shall start
off by requiring that the electromagnetic field potential A contain only the same two
components as were necessary in the spherical case of the form
A = A0dt+ A3dϕ, (31)
where A0 and A3 are scalar, independent of t and ϕ. The effect of the electromagnetic
field of this charge on this spacetime geometry of KAdS black holes can be neglected and
the spacetime can still be well described by the metric given in Eq. (1). The Associated
solution of the source free Maxwell’s equations in asymptotically flat case is constructed
using the well known fact that for Ricci-flat metrics a Killing one-form is closed and co-
closed [28, 29]. Although the KAdS metric, we have consider here is not Ricci-flat, one
can still use the killing isometries to describe the electromagnetic field of a KAdS black
hole [30]. The desired potential one-form is given by
A = −Qr
Σ
(
dt− a sin
2θ
1− a2/l2dϕ
)
, (32)
where the parameter Q is related to the electric charge Q′ = Q/(1 − a2/l2) of the black
hole given by the Gaussian flux
Q′ =
1
4π
∮
∗
F, (33)
where
F =
Q(Σ− 2r2)
Σ2
(
dt− a sin
2θ
1− a2/l2dϕ
)
∧ dr + Qrasin2θ
Σ2
(
adt− r
2 + a2
1− a2/l2dϕ
)
∧ dθ. (34)
4 Quantum Nonthermal Effect
The Hamilton-Jacobi equation (30) with Eqs. (3) and (31) gives
a2 sin2θ
∆θ
(
∂S
∂t
)2
+ ∆r
(
∂S
∂r
)2
+∆θ
(
∂S
∂θ
)2
+
1
∆θ sin2θ
(
∂S
∂ϕ
)2
− 2(r2 + a2)∂S
∂t
∂S
∂r
+
2a
∆θ
∂S
∂t
∂S
∂ϕ
− 2a∂S
∂r
∂S
∂ϕ
− 2e
∆θ
(a2A0 sin
2θ + aA3)
∂S
∂t
+ 2e
[
(r2 + a2)A0 + aA3
] ∂S
∂r
− 2e
∆θ
(
aA0 +
A3
sin2θ
)
∂S
∂ϕ
+
a2 sin2θ
∆θ
e2A0
2 +
1
∆θ sin2θ
e2A3
2
+
2ae2
∆θ
A0A3 +m
2(r2 + a2 cos2θ) = 0. (35)
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Introducing the generalized tortoise coordinates [31] of the following form
r∗ = r +
1
2κ
ln(r − r+),
t∗ = t,
θ∗ = θ, (36)
we have
∂
∂r
=
(
1 +
1
2κ(r − r+)
)
∂
∂r∗
,
∂
∂t
=
∂
∂t∗
,
∂
∂θ
=
∂
∂θ∗
, (37)
where r+ is the event horizon of KAdS black hole. The spacetime admits a Killing vector
(∂S/∂ϕ)α, so that
∂S
∂ϕ
= χ (constant). (38)
Let us define
S = T (t∗, r∗, θ∗) + χϕ, (39)
and
ω = −∂S
∂t∗
, ℓ =
∂S
∂θ∗
, (40)
where ω is the energy and ℓ is the angular momentum of a particle. Using Eqs. (36)-(40),
we can write Eq. (35) of the form
P
(
∂S
∂r∗
)2
− 4κ(r − r+)R
(
∂S
∂r∗
)
+ [2κ(r − r+)]2 T = 0, (41)
where
P = ∆r(2κ(r − r+) + 1)2,
R = [2κ(r − r+) + 1]aχ− (r2 + a2)[2κ(r − r+ + 1]ω − e
[
(r2 + a2)A0 + aA3][2κ(r − r+) + 1
]
,
T =
a2 sin2θ
∆θ
ω2 +∆θ ℓ
2 +
1
∆θ sin2θ
χ2 − 2a
∆θ
ωχ+
2e
∆θ
(
a2A0 sin
2θ + aA3
)
ω
− 2e
∆θ
(
aA0 +
A3
sin2θ
)
χ+
1
∆θ
(
a2 sin2θ e2A0
2 +
1
sin2θ
e2A3
2 + 2ae2A0A3
)
+m2
(
r2 + a2 cosθ
)
. (42)
The solutions of Eq. (41) are given by
∂S
∂r∗
=
2κ(r − r+)
P
(
R±
√
R2 − PT
)
. (43)
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Since S and ∂S/∂r∗ cannot be imaginary number, we have
R2 − PT ≥ 0. (44)
From the equality given in Eq. (44) we have
ω± =
−W2 ±
√
W2
2 −W1W3
W1
, (45)
where
W1 =
(
(r2 + a2)[2κ(r − r+) + 1]
)2 − a2 sin2θ
∆θ
P,
W2 =
(
(r2 + a2)[2κ(r − r+) + 1]
) (
e[(r2 + a2)A0 + aA3][2k(r − r+) + 1]
−aχ[2κ(r − r+) + 1]
)
+
1
∆θ
P [aχ− e(a2A0 sin2θ + aA3)],
W3 =
(
e[(r2 + a2)A0 + aA3][2κ(r − r+) + 1]− aχ[2κ(r − r+) + 1]
)2
−P
[
∆θ ℓ
2 +
χ2
∆θ sin2θ
− 2e
∆θ
(
aA0 +
A3
sin2θ
)
χ
+
1
∆θ
(
a2 sin2θ e2A0
2 +
1
sin2θ
e2A3
2 + 2ae2A0A3
)
+m2
(
r2 + a2 cos2θ
)]
. (46)
Considering the sign of inequality given in Eq. (44), the distribution of the energy levels
of the Dirac vacuum is given by
ω ≥ ω+ and ω ≤ ω−. (47)
For stationary KAdS spacetime, the distribution of the energy levels of the Dirac vacuum
is described exactly by Eqs. (45)-(47), but the forbidden region is
ω− < ω < ω+. (48)
The width of the forbidden region is
∆ω = ω+ − ω− = 2
√
W2
2 −W1W3
W1
. (49)
For r →∞, we have
ω± → ±m. (50)
In this case, the distribution of the Dirac energy levels reduces to that in the Minkowski
spacetime. The width of the forbidden region becomes ∆ω = 2m.
We now consider the case near the event horizon, i.e., when r → r+. We have from
Eq. (41)
lim
r→r+
P = ∆r+ = 0, (51)
9
where
∆r+ = (r
2
+ + a
2)(1 +
r2+
l2
)− 2Mr+.
This is just the null surface condition, so the limit of P is zero. With Eq. (51) we get
from Eqs. (45) and (46) that
lim
r→r+
(
W2
2 −W1W3
)
= 0, (52)
ω0 = lim
r→r+
ω+ = lim
r→r+
ω− = − lim
r→r+
W2
W1
=
aχ− eΦ
(r2+ + a2)
, (53)
with
Φ =
[
(r2+ + a
2)A0 + aA3
]
.
Then Eq. (49) indicates that the width of the forbidden region vanishes at the event
horizon, and there exists a crossing of the positive and negative energy levels near the
event horizon. For ω0 > +m, the particle can escape to infinity from the event horizon.
That is, there occurs the Starobinsky-Unruh process (spontaneous radiation) in the region
near the event horizon. For the stationary KAdS spacetime, it is very interesting that the
maximum energy ω0 of a particle depends on the horizon shape and on the four-potential
A i.e., the test electric charge of the KAdS black hole. The maximum energy of a particle
in this quantum nonthermal effect is ω0 [32, 33, 34, 35]. While the energy extended by
the radiation particle is [36, 37, 38]
m < ω ≤ ω0 = aχ− eΦ
(r2+ + a2)
. (54)
This radiation is independent of temperature and is a nonthermal radiation that differ
from the Hawking’s radiation [39, 40, 41, 42, 43]. For KAdS black hole, the dragging
velocity of the outer horizon is given by
Ω+ =
a(1− a2
l2
)
(r2+ + a2)
. (55)
Using Eq. (50) in Eq. (48), we get
ω0 =
Ω+(χ− eΦ/a)
(l2 − a2) . (56)
In the critical limit of rotation (i.e., a2 = l2), the outer and inner horizon merge to form
an extreme black hole with radius given in Eq. (28). In this case, the maximum energy
of the Dirac particles that crossing the boundary of the Einstein universe rotating at the
speed of light is infinite. That is, escape the boundary with the speed of light.
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5 Conclusions
We have studied nonthermal radiation of a stationary KAdS black hole assuming that the
black holes may carry a test electric charge such that the Killing one-form can be used as
a potential one-form [30] for the associated electromagnetic field to introduce necessary
cross terms for KAdS black hole case. We have also solved the biquadratic equation to
determine the position of different KAdS black hole event horizons and found the radii of
the horizons in analytical formulas.
Here, we have derived the exact expressions of the energy for the positive and negative
states. The positive energy state is interlaced by the negative energy state in a region near
the event horizon of the KAdS black hole so that there occurs a spontaneous nonthermal
radiation (Starobinsky-Unruh process) in the overlap region. The formulae and results
are formally the same as for the nonstationary black hole. For nonstationary KAdS black
hole, the only difference is thatM is the function of retarded time t while in the stationary
case M is constants.
The important result, we have found here is that when the Einstein universe rotates
at the speed of light, the Dirac particles crossing the boundary of Einstein universe escape
with the speed of light. The results of our work correspond to the nonstationary Kerr
[15] black hole when Λ = 0 and the black hole mass is the function of retarded time t and
nonstationary Kerr-Newman [16] black hole when Λ = 0; M and Q are the functions of
retarded time t. So our work on the stationary KAdS black hole is well motivated.
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